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1 Introduction

In set-valued analysis, the notion of a derivative of a set-valued map has been formulated
in different ways and applied to set up the optimality conditions(see [1-11]) . By virtue of
the concept of contingent derivative for a set-valued map (see [2]), Corley [6] investigated
optimality conditions for set-valued optimization problems. But it turns out that nec-
essary and sufficient optimality conditions do not coincide under standard assumptions.
For solving this problem, Jahn and Rauh [7] introduced the contingent epiderivative of a
set-valued map and then obtained unified necessary and sufficient optimality conditions.
But, unfortunately, since the contingent epiderivative of a set-valued map is a single-
valued map, the conditions assuring the existence of the contingent epiderivative are hard
to be satisfied. To overcome the difficulty, Chen and Jahn [8] introduced a generalized
contingent epiderivative of a set-valued map, and established a unified necessary and suffi-
cient optimality condition for set-valued optimization problems in terms of the generalized
contingent epiderivative. Li and Chen [9] proposed higher-order generalized contingen-
t(adjacent) epiderivatives of set-valued maps, and then obtained higher-order Fritz John
type necessary and sufficient conditions for Henig efficient solutions to a constrained set-
valued optimization problem. Li et al. [10] studied some properties of higher-order tangent
sets and higher-order derivatives introduced in [2], and then obtained higher-order nec-
essary and sufficient optimality conditions for set-valued optimization problems under
cone-concavity assumptions. In [11], Li et al. introduced generalized second-order com-
posed contingent epiderivatives for set-valued maps and established a unified sufficient
and necessary optimality condition for set-valued optimization problems by employing
the generalized second-order composed contingent epiderivatives. In [12], using the con-
cept of the radial epiderivatives, Kasimbeyli obtained necessary and sufficient optimality
conditions for optimization problems without convexity conditions . By employing higher-
order upper radial set and higher-order upper radial derivative, Anh et al. [13] established
optimality conditions of weakly efficient solutions for set-valued optimization problems.
Wang et al. [14] proposed the higher-order weak radial epiderivative of a set-valued map,
and obtained the optimal- ity conditions for non-convex set-valued optimization problems
under the weakly efficiency. Zhang and Wang [15] introduced the second-order weakly
composed radial epiderivative of set- valued maps, and obtained the necessary optimality
conditions of Benson proper efficient solutions for the constrained set-valued optimization

problems without the assumptions of generalized cone-convexity. Peng et al. [16] provided
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the higher-order weak lower inner Studniarski epiderivative for set- valued maps, and ob-
tained KarushCKuhnCTucker necessary optimality conditions for Benson proper efficient

solutions of the constrained set-valued optimization problems.

Motivated by the work reported in [10-16], several new properties are obtained for
higher-order upper radial sets and higher-order upper radial derivatives introduced in [13],
and by virtue of the properties, a few optimality conditions are established for weak
efficient solutions of a set-valued optimization problem. some recent existing results are
derived from the obtained ones. In addition, one removes deficiencies contained in two

carlier results in [13].

The rest of the paper is organized as follows. In Section 2, we recall some basic
concepts. In Section 3, we obtain several properties of the higher-order upper radial sets
and higher-order upper radial derivatives. In Section 4, we establish optimality conditions

for weak efficient solutions of constrained set-valued optimization problems.

2 Preliminaries

Throughout this paper, if not otherwise specified, let X,Y and Z be three real normed
spaces, where the spaces Y and Z are partially ordered by nontrivial pointed closed convex
cones C' CY and D C Z with intC # () and intD # (), respectively. one assumes that
Ox, Oy, 0z denote the origins of XY, Z, respectively, Y* denotes the topological dual space
of Y and C* denotes the dual cone of C, defined by C* = {¢ € Y*|p(y) > 0,Vy € C}.
Let S be a nonempty subset of X, F': S — 2Y and G : S — 27 be two given nonempty
set-valued maps. The graph of F' is defined by grF’ = {(x,y) € X x Y|z € S,y € F(x)}.
The profile map F, : S — 2Y is defined by F(z) = F(z) + C, for every z € S.

Definition 2.1 [2] Let M be a nonempty subset in X, € M We say that T is a
C-weakly efficient point of M if

(M —{%}) N (—intC) = 0.

Definition 2.2 (See [17]) Let S C X be a nonempty subset and zg € clS. The closed
radial cone T§(xp) to S at zo is the set of all v € X for which there exist a sequence
{A\.} of positive real numbers and a sequence {x,} in X with lim, ,, x,, = v such that

ro + A\, € 9, for all n € N, where N denotes the natural number set.
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Definition 2.3 (See [17]) Let S C X be a nonempty subset, F': S — Y be a set-valued
map and (zg,yo) € grF. The radial derivative D" F'(xq,yo) of F' at (zo,yo) is a set-valued
map from X to Y defined by

Yy S DTF(:E(J?yO)(:C) if and Only if (l’,y) S TéI‘F(x()a 7y0)'

Definition 2.4 (See [13]) Let z € SC X, F: S — 2, (20,%) € grF and (uy,v1),- -,
(’U/mfl,’l]mfl) € X xY with m > 1.

(i) The mth-order upper radial set of S with respect to uy, -, u,_1 is defined as

Tg(m) (ZE, Uy 7um—1)

={r € X|3t, > 0,3z, = x,Yn,xo + tyus + - + 7" u,_y +t"z, € S}

(ii) The mth-order upper radial derivative of F' at (xo, o) with respect to (uy,vy),-- -,
(Um—1,Vm—1) is the set-valued map Dggm)F(.ico,yo,ul,vl, U1, V1) 2 X — 2V

whose graph is
gfng%m)F(xo, Yo, UL, V1, * 5 Umn—1, V1) = Té(rr;)(%; Yo, UL, VL, * 5 Umn—1, V1) -
From the definition, one knows that the following results hold.
Proposition 2.1 Let 1 € S C X, F: S — 2¥ and (2, y0) € grF. Then

(i) 7o (x,0x, -, 0x) = T4(x);

(ii) DEF(zo,y0,0x,0y,---,0x,0y) = D"F(z0, yo).

Proposition 2.2 (see [13, Proposition3.4]) Let S = domF and (z¢,yo) € grF. Then,
for all x € S,

(i) F(z) —A{yo} € D"F(z0,0)(x — x0);

(i) F(z) —{yo} € Trs)(%0)-
Take x = xg in Proposition 2.2, one obtains the following results.

Corollary 2.1 Let S = domF and (z¢,y0) € grF. Then
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(i) Oy € D"F(z0,90)(0x);

(ii) Oy € Th s (vo)-

In this paper, consider the following set-valued vector optimization problem:

(P) { min F(x),
st. x €S Gx)N(-D) #0.

The point (xg,yo) € grF is said to be a weakly efficient solution of problem (P) if
(F(A) = {yo}) N (—intD) = 0,

where A :=€ {z € S|G(z)N(—D) # 0}.

For other notations and definitions, one refers to Ref. [13].

3 Properties of Higher-Order Upper Radial Sets and
Upper Radial Derivatives

Proposition 3.1 Let x € S C X, F: S — 2Y, (20,90) € grF and u; = 0x € X,v; €
—C,i=1,---,m—1. Then

T;(:?;)(yoavh o, Um-1) € T (5)(0)s (1)
and
DR Fy (2o, Yo, Ur, U1y -+ U1, Um—1) () C D"Fy (20, y0)(z),Vr € X. (2)

Proof. We first prove that (1) holds.

Let y € T;Er@)(yg,vl,---,vm_l). Then there exist sequences t, > 0, z,, € S and

Yn € F(z,) + C such that

Yn — Yo — tnvl - tnmilvm—l
o — Y. (3)

Since y, € F(z,) +C, v, € =Cji =1,---;m—1and t, > 0,7, = yp — tpvg — -+ —
t" 1,1 € F(x,) + C. Combined with (16), we can conclude that

Yn — Yo

Y
m
tn
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which implies y € T}, (5 (y). Thus (1) holds.

we next prove that (2) holds. Let x € X. Let us consider two possible cases for
DgF-‘r(xO’ Yo, U1, V1, "~ Um—1, Um—l)(x)-

Case 1: DEF (o, Yo, U1, V1, Um—1,VUm—1)(x) = 0. (2) holds trivially.

Case 2: DEF(xg, 10, Ut, V1, ", U1, Um—1)(T) 7# 0. Let y € DE Fy(xo, Yo, ur,v1, - -,
Um—1,Vm—1)(x). Then there exist sequences t,, > 0, x,, € S and y,, € F(z,) + C such that

Ty Yn) — (Zo, ?Jo) - tn(ub v1) — > — tnm_l Um—1, Um—l)
) = o ( Sy W
Set T, :== z, — tyug — -+ — t" tu,, 1. Since y, € F(z,) + C, u; = Ox,v; € —C,i =

1,---,m—1andt, >0,

yn =Yn — tnvl - t?_lvm—l € F(i’”) + C.

Combined with (4), we can conclude that

(Tna y’n) — (:C()? yO)
tm

n

— (z,9),

which implies y € D"F (xg, yo)(x). Thus (2) holds and the proof is complete. O

By Proposition 3.1 and [13, Remark 3.2(iv)], we have the following result.

Corollary 3.1 Let x € S C X, F: S — 2V, (z0,90) € grF and u; € X,v; € —C,i =
1,---,m —1. Then

DR Fy (o, Yo, u1,v1, U1, Vm—1)(X) C Tr, (5)(%0)-

Proposition 3.2 Let v € S C X, F: S — 2Y (zo,4) € grF and u; = Ox,v; € C,i =
1,---,m —1. Then
F(S) - {yO} C T;‘i?;)(yOJUla e 7Um—1)7

F(l’) - {yO} C DgFJr(xmyOaul?Ula e 7umflavmfl)<x - l’o).

Proof. Let z € S and y € F(x). Take z, =z, y, =y+vi +vo+ -+ v,_1 and t, = 1.
Since v; € Cyi=1,---,m—1, y, € F(x,) + C. Thus, it follows from the definitions of
mth-order upper radial sets that

(xrmyn) - ($0a yO) - tn(ulavl) - t;nil(um—la Um—l)

ty

= (z — 20,y — 50)
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S Té%}r(xo,ym Uy, V1, - 7um—lavm—1)7
which implies
Y =0 € Tp'th (o, v1, -+, Umn),
Y —yo € DR FY (20,0, U1,V1, -+, U1, V1) (& — ).

So F(S) —{w} C TE(”ZQ)(yo,vu ooy Ume1) and F(z) — {yo} C DRFL (w0, Yo, ur, v1,- -+,

N
Um—1,Um—1)(T — xo). The proof is complete. O

4 Optimality Conditions

In this section, we present optimality conditions for weakly efficient solutions of set-valued
optimization problems. In addition, we remove deficiencies contained in two earlier results

in [13].

Theorem 4.1 Let (z0,y0) € grF and 2y € G(z) N(—D). If (z0,y0) is a weakly efficient
pair of (P), then, the following separations holds

Tire, s) (W0, 20) [ —int(C x D) =0, (5)

and
D"(F, G)+(z0, Yo, 20)(X) [ —int(C x D) = 0. (6)

Proof. By Proposition 2.1 and [13, Remark 3.2(iv)], we can easily derive (6) from (5).
Therefore, we need to prove only that (5) holds. Suppose that (5) does not hold. Then,
there exists (y, z) € Y x Z such that

(v, 2) € T{ray,(s)(Yo: 20) (7)

and

(y,2) € —int(C x D). (8)
It follows from (7) and the definition of first-order upper radial sets that there exist
sequences t, > 0,z, € S and (yy, 2,) € (F,G)(x,) + C x D such that

(Uns 2n) — (Y0, 20)
tn

= (y, 2). (9)
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From (8),(9) and zy € —D, there exists large enough natural number N such that
Yn — Yo € —intC, z, € —intD, Yn > N. (10)

Since z, € G(x,) + D, there exist z, € G(x,) and d,, € D such that z, =z, + d,. It
follows from (10) that z,, € G(x,) N(—D),Vn > N, which implies z,, € A, for any n > N.
Since y, € F(z,) + C, there exist 7, € F(z,) and ¢, € C such that y, = 7, + ¢,. It
follows from (10) that

Un — Y0 € (Fwa) — {no}) (=intC) C (F(A) — {yo}) (V(=intC),Vn > N,

which contradicts that (xg,yo) be a weakly efficient pair of (P). So (5) holds and the proof

is complete. O

Remark 4.1 By Proposition 3.1 and Corollary 3.1, we can easily derive [18, Theorem
4.1] from Theorem 4.1.

Corollary 4.1 (see [13, Theorem 4.1]) Let (x,y0) € grF be a weakly efficient pair of
(P), 20 € G(l’o) ﬂ(—D), (ui,vi,wi) € X x (—C) X (—D),Z = 1,2," L, — 1. Then, the

following separations holds
T(E 5 (W0, 20)s (w1, w1), -+, (U1, W) () —int(C x D) = 0
and

DE(R G)—l—(an Yo, 20, U1, V1, W1, " " 7um—17vm—1)wm—1)(X) m _Znt(c X D) == @

Theorem 4.2 Let (xg,y0) € grF, z0 € G(xo) N(—=D), (wi,vi,w;) € {Ox} x C' x D,i =

1,2,---,m — 1. If one of the following separations holds

(i)
TS ) (W0 20), (i, w1), -+, (V1,0 1)) ()= (intC x D(z)) =0, (1)

(ii) D}?(F, G)Jr(l’o; Yo, 20, U1, V1, W1, "+ Um—1, Um—1, wmﬂ)(x - $0)

(—(intC x D(z)) = 0,z € A, (12)

then (zg,yo) is a weakly efficient pair of (P).
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Proof. We need to prove only that (i) holds. It follows from Proposition 3.2 that
(F,G)(@) = {(0, 20)} € Treh, 5)((W0, 20). (02, 01), -+ (e, wino)) Ve € A.
Thus, by (11), we have
[(F,G)(x) — {(yo,20) }] ﬂ —(intC x D(z)) = 0,Vz € A. (13)

Suppose that there exist € A and y € F(z) such that y — yo € —intC. Then there
exists z € G(z) N(—D) such that z — zy € —D(2y), and hence

(ya Z) - (yOa ZO) S _(intc X D(ZO))v

which contradicts (13). So (xo,%0) is a weakly efficient pair of (P) and the proof is

complete. O

Corollary 4.2 Let (zg,y0) € grF and zy € G(z9)N(—D). If one of the following

separations holds

(1) Tlrey, s)((Yo, 20)) N =(intC x D(z0)) = 0,

(i) D"(F,G)s (20,0, 20)(x — o) N —(intC x D(2p)) = 0,2 € A,
then (xg,yo) is a weakly efficient pair of (P).

Remark 4.2 (i)Since [13, (8)] need be satisfied for any vector group (u;,v;, w;) € X X
(=C)x(=D),i=1,2,---,m—1, and equalities (11) and (12) need be satisfied for a vector
group (u;, v, w;) € {Ox}xCxD;i=1,2,---,m—1, Theorem 4.2 improves [13, Theorem
4.4).

(ii) Take G(x) = Z. Then [12, Theorem 4.4] can be obtained from Corollary 4.2 and
Theorem 4.1.

(iii) By Corollary 4.2 and the proof of [13, Theorem 4.4], [13, Theorem 4.4] can be derived

from Theorem 4.2.

Corollary 4.3 (see [13, Theorem 4.4]) Let (zo,y0) € grF. Suppose that there exists
2o € G(z9) N(—D) such that, for (u;, v;,w;) € X x (=C) x (=D),i=1,2,---,m—1, and

x in the feasible set A, one of the following separations holds

(1) T&E’Tg)”(s)((y(), ZO)? (Ula w1)7 ) (vm—h wm—l)) ﬂ _(into X D(Z())) - Q)v

9
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(ii) Dg(F7 G)+([E07 Yo, 20, U1, V1, W1, - - - 7um—17vm—17wm—1>(x_x0) ﬂ _<ZntOXD<ZO)) - @

Then, (z¢,yo) is a weakly efficient pair of (P).

By employing mth-order upper radial set and mth-order upper radial derivative, Anh
et al.(see [13]) established the following sufficient optimality conditions of weakly efficient

solutions for (P):

Theorem A (see [13, Theorem 4.5]) Let the assumptions of [13, Theorem 4.4] be satisfied.
Then, (z¢,yo) is a weakly efficient pair of (P) if one of the following conditions holds.

(i) For all (y,z2) € T(IS@)JA)((yOaZO)v (vi,w1), -+, (Vm—1,Wm—1)), there exists (c*,d*) €
C* x D*\ {0, 0} such that (d*, zp) = 0 and

(c*,y) + (d*,z) > 0. (14)

(ii) Forallz € Aandall (y,2) € DE(F,G) (20, Yo, 20, U1, V1, W1, ** * s U1, Um—1, Win—1) (T —
xg), there exists (¢*,d*) € C* x D*\ {0,0} such that (d*, zp) = 0 and
{¢",y) +(d", z) > 0. (15)
Theorem B (see [13, Theorem 4.6]) For problem (P), (xq,yo) € grF, zo € G(x¢) N(—D).

Let (e,k) € int(C x D). Then, (xo,1yo) is a weakly efficient pair of (P) if one of the

following conditions holds.

(i) There exists (I', L) C C* x D*\ {(0,0)} such that

C={yeY|(f,y) >0, forany f €'},D={z € Z|{g,z) >0, for any g € L},

sup <f7 0Y> + <gv _ZO>
(foerr  (fre)+ (g, k)

}=0, (16)

. (o) + (9.2)
,Y) +49,2
miﬁmﬁﬁﬂ%wm@

for any (y> Z) € T{lg‘%))+(A)((yO> ZO)) (Ula wl)a ) (Um—la wm—l))-

}>0 (17)

(ii) (16) and (17) satisty for all (y,z) € DEF(F,G)+(zo, Yo, 20, U1, V1, W1, -+, Upp—1, U1,

Wi—1)(x — x) for each z € A.
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Unfortunately, [13, Theorems 4.5 and 4.6] exist gaps. On the one hand, from the proofs
of [13, Theorems 4.4 and 4.6], it is possible that u; = 0y and v; = 04,1 =1,2,--- ,m — 1
in [13, Theorems 4.5 and 4.6], and then, the assumptions of [13, Theorems 4.5 and
4.6] should be satified for the case. In fact, by Propposition 2.1 and Corollary 2.1, for
any (x,y) € grF,z € G(x), one obtains (0y,0z) € Tgfg)H(A)(y,z,Oy,OZ,---,Oy,OZ) =
T{F7G)+(A)(y,z) and (0y,0z) € DR(F,G)+(z,y,2,0x,0y,07,--+,0x,0y,07)(0x). There-
fore, for any (I', L) C (C* x D*)\ (Oy+, 0z+), the conditions (14), (15) and (17) never hold.
On the other hand, the condition (16) can be simply written as

20 = Oz. (18)

Indeed, (18)=- (16) is obvious. In what concerns the implication (16)=- (18), it follows
from zyp € —D that g(—z) > 0, for all ¢ € L € D*. Thus, if (16) holds, then for all
(f,g9) € T x L, we have

<f’ OY> + <97 _Z0> < sup <f,> 0Y> + <9,a _ZO>

FaTa® = il (Fo+igh)
which implies g(—zp) = 0, for all g € L. This means that —zy, 2y € {x € Z|g(z) > 0,Vg €

0<

L} = D. Since D is pointed, one concludes that zp = 0.

We next give Theorems 4.3 and 4.4 which are appropriate modifications for deficiencies

contained in [13, Theorems 4.5 and 4.6].

Theorem 4.3 Let the assumptions of [13, Theorem 4.4] be satisfied. Then, (xg,yo) is a
weakly efficient pair of (P) if one of the following conditions holds.

(i) For any (y,2) € (755 (A)((o, 20), (v, w1), -+, (U1, wm-1)) \ {(0y,02)}, there ex-
ists (¢*,d*) € C* x D*\ {(Oy+,0z+)} such that (d*, 29) = 0 and (c*,y) + (d*, z) > 0.

(ii) For each x € A and all (y7 Z) S Dg(F7 G)+(I07 Yo, 20, U1, V1, W1, "+ * 5 Um—1, Um—1, wm—l)(m_
x9) with (y,2) # (0y,0z), there exists (¢*,d*) € C* x D* \ {(Oy+,0z+)} such that
(d*, z9) = 0 and (c*,y) + (d*, z) > 0.

Theorem 4.4 Let (z9,y0) € grF, 29 € G(zo)N(—D) and (e, k) € int(C x D). Then,
(x0,0) is a weakly efficient pair of (P) if one of the following conditions holds.

(i) z0 = 0z and there exists (I, L) C (C* x D*) \ {(Oy+,0z+)} such that C = {y €
YI(f,y) 20, for any f €T}, D ={z € Z|(g,2) =20, for any g € L},

(f,y) +(g,2)
AUAR VARGt SN 19
<f,g>sél<¥,m) <fa6>+<g,k>}> ’ (19)
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for any (y,2) € T(E) (((Wo: 20); (v1,w1), -+ (U1, wm1)) \ { (O, 02)}.

(11) 20 = 0z and (19) SatiSfy for all (ya Z) S Dg<F7 G)+($0>y07 20, U1, V1, W1, *** Um—1, Um—1,
Wy—1)(z — 29) \ {(0y,02)}, for each z € A.
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